We discuss the one-dimensional Hubbard model, on finite sites spin chain, in context of the action of the direct product of two unitary groups SU(2)×SU(2). The symmetry revealed by this group is applicable in the procedure of exact diagonalization of the Hubbard Hamiltonian. This result combined with the translational symmetry, given as the basis of wavelets of the appropriate Fourier transforms, provides, besides the energy, additional conserved quantities, which are presented in the case of a half-filled, four sites spin chain. Since we are dealing with four elementary excitations, two quasiparticles called "spinons", which carry spin, and two other called "holon" and "antyholon", which carry charge, the usual spin-SU(2) algebra for spinons and the so called pseudospin-SU(2) algebra for holons and antiholons, provide four additional quantum numbers. 
Introduction
The Hubbard model [1] is recognized as the simplest model to understand the correlations between interacting electrons leading to insulating, magnetic and even superconducting effects in a solid [2] . In spite of its simple definition, the Hubbard model has been applied to the understanding of many sophisticated physical problems like ferromagnetism, antiferromagnetism, the Mott transition. It is amazing how many scientists have studied this model over half a century, and all the times find it very inter-esting and worth working with. This apparently simple model cannot currently be solved analytically except for in one spatial dimension. In general there are several approximation techniques such as the mean field-theory, various Green's function decoupling schemes, and functional methods among others. The one dimensional exact solution of the Hubbard model was given by Lieb and Wu in 1968 [3] by using the method of Yang [4] , and [5] from the year before. We continue the work with one spatial dimension, which is of much importance for the sake of their possible generalizations to higher dimensions, and as the exactly solvable model [6, 7] . E. K. Lieb and F. Y. Wu solved the set of algebraic equations in order to find the ground state energy. They also noticed the presence of the Mott metal-insulator transition at half filling when the intrasite Coulomb energy is equal to zero. In order to replace the Lieb-Wu equations by simpler ones, M. Takahashi [8] proposed a string hypothesis and proceeded to determine some of the thermodynamics of the Hubbard model, which was complemented later by many numerical studies [9, 10] . Calculations of the scattering matrix at the half filling (at the vanishing magnetic field) [11] revealed the existence of four elementary excitatons; two spinless ones known as the holon and antiholon, with a charge equal to ± , and two with neutral charge called spinons, with spin ± 1 2 . These four particles are responsible for the SU(2) × SU(2) symmetry of the model, since they can be excited only in SO(4) multiplets, which was confirmed much later in [11] [12] [13] . We base the presented paper on this observation, trying to consider the irreducible basis of the SU(2) × SU(2) group which is applicable in the process of exact diagonalisation of the one-dimensional Hubbard Hamiltonian.
Another important algebraic analysis was performed by B. S. Shastry in 1986 [14] using the quantum inverse scattering method. Shastry demonstrated that the Hubbard Hamiltonian, as the spin model, commutes with the appropriate transfer matrix. This conjecture significantly simplified the thermodynamics of the model, provided the finite set of nonlinear integral equations, and calculated very well numerically compared to the infinite set proposed by Takahashi [8] . Shortly afterwards Uglov and Korepin [15] discovered that the Hubbard Hamiltonian has the Yangians symmetry, related with the quantum groups theory, extending the already known SU(2) × SU (2) invariance of the model. As the Hubbard model has become increasingly important in condensed matter physics, it is appropriate to revisit it and provide some instructive new examples appropriate for the considered case, in order to improve the understanding of the concept.
The main aim of this paper is to present, in detail, the action of the SU(2) × SU (2) group and the role of this symmetry in solving the Hubbard model on finite small chains. This is the important step in understanding the Yangians quantum group symmetry and existing examples appear inexplicit. Furthermore, clear understanding of the structure of the irreducible basis of the SU(2) × SU (2) group, helps to build more efficient computer algorithms of exact diagonalisation of the Hubbard Hamiltonian which can be very useful because the size of the Hilbert space of the system increases exponentially.
The Hamiltonian
The dynamics of the finite set of interacting electrons, occupying the one-dimensional chain, consisting of N atoms, can be described by the Hubbard Hamiltonian in the following form they behave as particles in the second. We are dealing with a fascinating problem, related with the wave-particle dualism in quantum mechanics, when these two different parts are taken together since the electrons under consideration are mostly localised around the atomic sites, but tunnel to nearby orbits with non-negligible probabilities. These electrons are expected to play essential roles in determining various low energy physics of the system. In the case of non-degenerate orbits, one gets the lattice model in which electrons exist on atoms and hop from one to another [16] . The Hilbert space of N particles, moving along the chain with N nodes, can be created by starting from defining the single-node space , with the basis consisting of vectors denoting all possible occupations of one node. Since we are dealing with fermions
where ∅ denotes the empty node, + and − stand for onenode spin projection equal to 1 2 and − 1 2 , respectively, ± denotes the double occupation of the one node by two electrons with different spin projections, and C A stands for the linear closure of a set A over the complex field C.
One can obtain the final space of all quantum states of the system in the following way
where N denotes the space with a fixed number of electrons N . The set of all linearly independent vectors called electron configurations [17] provides the initial, orthonormal basis of the Hilbert space . These configurations are defined by the following mapping :Ñ −→4 (4) and constitute the N-sequences of the elements from the set4
where ∈4 ∈Ñ, with
The number4Ñ follows from the fact that the four states
are associated with every lattice site ∈Ñ.
Symmetries
The one-dimensional Hubbard model has many symmetries, systematically studied by many researchers, starting from Lieb and Wu [3] , Yang [4] and continued in, for example, [13, 16, 18] , with the book of Essler et al. as the eminent summation and supplement of their work [11] . Since the periodic boundary condition are assumed, the Hamiltonian (1) has the translational symmetry (ˆ N+1 =ˆ 1 ), meaning that a one-particle Hamiltonian of the form (1) is completely diagonalized by a Fourier transformation in
where
for N odd (9) Apart from the cyclic symmetry, one can distinguish two independent SU(2) symmetries, given by the group SU(2) × SU(2) acting in spin and pseudospin space [11, 19] . This symmetry involves spin and charge degrees of freedom and are related with four elementary excitations which are the spinon 1 2 , spinon − 1 2 , with respect to the spin, and the holon and antiholon, with respect to the charge. The set4 = {± ∅ + −} can be decomposed into two subsets, where the first set2 = {± ∅} is related with the left factor of the direct product SU(2) × SU (2) of the symmetry groups of the system, and the second set 2 = {+ −} is related with the right factor, reflecting the invariance ofĤ under the spin rotation. Thus, one has two sets of generators, {Ŝ Ŝ + Ŝ − } and {Ĵ Ĵ + Ĵ − }, for spin and charge, respectively. These generators can be written in the following formŝ
and the transfer between these two sets is known as the Shiba transformation [3, 11] . Thus, the dimension of the Hilbert space can be rewritten in the way adjusted to the SU(2) × SU(2) symmetry, as follows
where N 1 , N 2 denote the number of nodes occupied by the elements of the sets2 , and2, respectively. The total number of particles N , taken as the eigenvalue of the operatorN = ∈Ñ (ˆ + +ˆ − ), together with the number of particles N , with given one-node spin projection ∈ {+ −}, taken as the eigenvalues of the operatorŝ N = ∈Ñˆ , are quantum numbers. This means that the conservation of the total magnetisation M, given as the eigenvalue of the operatorM ≡Ŝ , is thusly
at half-filling [20] . Finally, we obtain four additional quantum numbers (S = M J S J), which are related with the algebra of operators from Eqs. (10) and (11), where S and J derive from the eigenvalues of the operators
respectively.
Diagonalization
This section describes in detail the action of the direct product SU(2) × SU(2) on electron configurations for the chain with N = 4 sites, by providing the quasi-diagonal form of the representation of the Hamiltonian (1) in an appropriate basis. The action A : Σ 4 ×44 −→44 of the symmetric group Σ 4 on the set44 provides the orbits µ , of the group Σ 4 , labeled by the weight µ, given as the sequence of non-negative integers µ = (µ 1 µ 2 µ 3 µ 4 ), where the consecutive µ denotes the number of ±, ∅, + and − in the electron configuration, respectively, with relation ∈4 µ = 4, defined by
The stratum S(ν) of the action A, is labeled by the sequence ν
and
The stratification of the set44 of all electron configurations under the action A of the symmetric group is
with
The stratification of the set44 under the action of the symmetric group Σ 4 is presented in Table 1 . In the example we have chosen the case in the half-filling regime, although it is not our purpose to prove the antiferromagnetic order, or the Mott insulating behavior here [21] . Thus, the weights belong to the set Tables 2 and  3 , respectively, where denotes the initial electron configuration of the orbit , of the translational symmetry group C 4 , and F label orbits obtained from by replacing all pluses with minuses (and vice versa), and all ± with ∅ (and vice versa), separately.
The basis sets for M = 2 −2 consist both of one element | + + + + and | − − − − , respectively. Furthermore, the remaining basis for the sector with M = −1 can be obtained by replacing all pluses by minuses, and vice versa, in all electron configurations of Table 3. Table 3 contains four regular orbits , of the group C 4 , and thus consists of four elements, but Table 2 , besides its eight regular orbits [22] , contains two orbits which are doubly rarefied. The construction of the symmetry SU (2) (2), of elements of the group SU(2) × SU (2) , which is applicable in the procedure of exact diagonalization of the one-dimensional Hubbard Hamiltonian will be used in this case. The appropriate irreducible basis has the elements in the form 
where |F | is equal to the number of orbits with the same configuration F , (P 1 P 2 ) label the irreducible representation Γ (P 1 P
2 ) = Γ P 1 Γ P 2 , where Γ P 1 and Γ P 2 denote the irreducible representations of the appropriate subgroup of the spin-SU(2), and pseudospin-SU(2) groups, respectively. The state | denotes the element of the basis of wavelets [22] , given as the appropriate Fourier transform performed on the orbit . 
where denotes the identity element, 1 = (± ∅) and 2 = (+ −) represent for the element ( (10), and J which is related with the algebra of generators (11) . Using the elementary excitations, the direct sum
of the representations describes the four-particle sector of scattering of the two holons/antiholons and two spinons. 
with rows labeled by the appropriate Fourier transforms, taken on the orbits of the Table 2 , in the form
for the regular orbits (each orbit in Table 2 except for the second and the fourth), and
for the rarefied ones (the second and the fourth orbit in Table 2 ), where | runs the orbit . Applying the matrix (27) on the representation of the Hamiltonian (1), taken in the basis of wavelets for = 0 in the form
where we assume = 1, creates the following quasi- 
where two blocks, related with SU(2) × SU(2) symmetry, are clearly marked.
Conclusions
This paper presents the description of the onedimensional Hubbard model and considers its basic properties and symmetries. The method of looking for the common eigenstates for a set of commuting operators, with Hamiltonian among them, using the principles of the general quantum-mechanical theory of Dirac [24] has been presented. It has been shown that the set4 of one-node states of a four site chain decomposes into two subsets that are2 = {± ∅} and2 = {+ −}, providing the carrying spaces of the fundamental representations of each component of the direct product SU(2)×SU (2) . The action of the group SU(2) × SU(2) on a four sites spin chain has been demonstrated, with generators of the usual spin and so called pseudospin-SU(2) algebra. After the decomposition of the set of electron configurations into orbits of the cyclic symmetry group C 4 , the quasidiagonal form of the Hubbard Hamiltonian was presented using the irreducible basis adapted to the assumed translational and unitary symmetries. The expression for the basis element, of the SU(2)×SU(2) symmetry was derived using the basis of wavelets constructed as the appropriate Fourier transforms, for finite size spin chain. The additional quantum numbers P 1 and P 2 were presented, labeled the irreducible representations of the subgroup G of elements of the group SU(2) × SU (2) , applicable in the procedure of exact diagonalization of the one-dimensional Hubbard Hamiltonian. It was shown that P 1 is related with eigenvalues of the pseudospin operatorĴ and P 2 -with eigenvalues of the spin operatorŜ. The important half-filling case was considered, as the Mott transition or antiferromagnetism are explain on these grounds, and the results remain valid for other filling examples close to the considered case [20] .
